Holonomic gates for quantum computation are commonly considered to be robust against certain kinds of parametric noise, the very motivation for this robustness being the geometric character of the transformation achieved in the adiabatic limit. On the other hand, the effects of decoherence are expected to become more and more relevant when the adiabatic limit is approached. Starting from the system described by Florio et al.
I. INTRODUCTION
One of the most important challenges for the realization of quantum information tasks is the implementation of quantum logic gates that are robust against unwanted perturbations [1, 2] . Two kinds of perturbations with qualitatively different features can be distinguished: the first kind has a purely quantum nature, and it is induced by the interaction of the quantum system implementing the logic gate with the environment; the second kind has instead a classical nature, and it is caused by the presence of instrumental noise in the 'external parameters' used to control the system. The unwanted interaction with the environment is the source of the phenomenon known as quantum decoherence [3] . The effects of this interaction can be modeled by means of suitable 'master equations' (i.e. evolution equations) for the density matrix of the quantum system implementing the logic gate; they are negligibly small if the operational time of the logic gate is short enough. The classical perturbations stem from an unavoidable noisy component intrinsic in the external driving fields (e.g. laser beams [4] ) that can be usually regarded as classical fields; hence, it is essentially due to instrumental instability. The effects of these perturbations can be evaluated by studying standard (non-autonomous) Schrödinger equations where the instrumental noise is taken into account by suitably modeling the noisy components of the classical parameters (e.g. the field amplitude) associated with the external driving fields.
Among the several strategies for realizing quantum logic gates discussed in the literature, a prominent position is held by holonomic gates. They were first proposed by Zanardi and Rasetti [5] (see also Ref. [6] ), and rely on the theory of holonomy and of the associated holonomy groups in principal fiber bundles [7] , a subject which is familiar to theoretical physicists due to the central role played in gauge theories [8] and in the well-known phenomenon of abelian [9] and nonabelian [10] adiabatic phases. Actually, a holonomic gate can be regarded as a straightforward application of the theory of non-abelian adiabatic phases to quantum computation.
Since the very beginning, holonomic gates were considered to be intrinsically robust against classical noise [11] , thanks to the geometric features of holonomy in Hilbert bundles. As we will briefly recall below, three main ingredients are needed in order to realize such holonomic gates. The first ingredient is a suitable physical system described by a quantum Hamiltonian depending on some set of parameters, these parameters being associated with the external (classical) driving fields that are assumed to be experimentally controllable functions of time; the unavoidable instrumental instability (stochastic noise) affecting the driving fields is the source of the kind of classical noise -we will call it parametric noise, in the following -that has been mentioned above.
The second ingredient consists in selecting a suitable eigenspace of the given Hamiltonian -an eigenspace depending smoothly on the external parameters, hence actually an iso-degenerate family of eigenspaces; let us call them the family of relevant eigenspaces -and in fixing in the parameter space an 'initial point' and a loop through this point. To such a loop corresponds an excursion of the parameter-dependent Hamiltonian (hence, of its eigenprojectors) and a certain ideal unitary transformation in the encoding eigenspace, namely, that particular relevant eigenspace fixed by the initial (and final) point of the loop in the parameter space. This ideal transformation is determined by Kato's adiabatic evolutor associated with the given Hamiltonian and with the chosen loop in the parameter space, and it has a simple geometric interpretation as a holonomy phenomenon (geometric phase). The ideal unitary transformation plays a central role in Kato's formulation of the adiabatic theorem [12] applied to our context. Indeed, the external parameters are controllable functions of time and in the adiabatic limit -i.e., in the limit where the loop in the parameter space is covered in a operational time tending to infinity -the real evolution over the operational time, determined by the given physical Hamiltonian, becomes cyclic in the encoding eigenspace and, apart from an irrelevant overall 'dynamical phase factor', coalesces in this subspace with the ideal unitary transformation. We stress that the ideal unitary transformation should be thought, in our context, as an ideal quantum gate whose behavior can be, in general, only approached by a non-ideal quantum gate corresponding to the real evolution over a suitably large, but finite, operational time. Accordingly, the third ingredient is the choice of a suitable operational time -which will be called balanced working time, in the following -for the real quantum gate. This time span must be short enough to achieve a fast quantum computer and to avoid the ravages of decoherence, but long enough to justify the adiabatic approximation (i.e. to approach the behavior of the ideal quantum gate) which is at the root of the appearing of geometric phases [33] . Hence, a balanced working time is determined by a touchy trade-off between two competing and not necessarily compatible demands. The problem of robustness of holonomic gates against parametric noise has been studied both in the abelian [15] and in the non-abelian case [16] . In these papers, the effects of random perturbations of the control parameters are considered. It is worth noticing, however, that such effects are evaluated with the adiabatic limit already being performed, thus essentially confirming quantitatively the standard qualitative geometric argument usually adopted to support the robustness of holonomic gates, argument which will be recalled later on. We emphasize that, on the other hand, the operational time (in particular, the balanced working time) of a quantum gate is obviously always finite; hence, in principle, the mentioned geometric argument could generally not apply to concrete devices. A critical analysis of this simple, but somewhat subtle, issue is the main aim of the present contribution.
As holonomic gates are generally considered to be a priori robust against parametric noise, attention has mainly focused on the study of decoherence effects [17, 18, 19, 20] and on the possibility of partially suppressing them [21] . These investigations show that for certain physical systems, and for certain models and regimes of the coupling with the environment, one is able to estimate the typical time-scale within which the effects of decoherence can be neglected. Hence one can determine, in principle, a balanced working time for these systems. At this point, according to what has been observed above, one should actually check whether this balanced working time guarantees a suitable robustness of the quantum gate against parametric noise, namely, whether the effects of this kind of noise on the fidelity of the non-ideal quantum gate with respect to the ideal one can be neglected or not.
Recently, a new ingredient has been proposed for the implementation of a holonomic quantum gate [22] (see also [23, 24] ). Indeed, some authors have observed -for the model of a ion-trap quantum gate proposed by Duan et al. [25] , model which is also central in the present contribution -the existence of a optimal working time, namely, of a specific operational time for which the non-ideal (i.e. finite-time) gate behaves exactly as the ideal (i.e. adiabatic) gate; they show, furthermore, that over the optimal working time the effects of the environment are negligible. Thus, such a optimal working time turns out to be also a balanced working time. Again we stress that, anyway, the fact that the non-ideal gate behaves, in correspondence to the optimal working time, as the ideal one cannot be used to rule out the influence of parametric noise on the base of the standard geometric argument. Indeed, one should not expect that, perturbing the loop in the parameter space, the non-ideal gate will still mimic the behavior of the ideal one. Hence, once again, one cannot apply, in principle, the standard geometric argument to support the robustness of this kind of holonomic gate against parametric noise.
In conclusion, we think that the impact of parametric noise on holonomic gates is still an open problem and one is not legitimated, in general, to state the robustness of non-ideal holonomic gates against this kind of perturbations on the base a generic geometric argument. In our present contribution, we will try to illustrate this assertion by means of quantitative arguments, focusing on the ion-trap model proposed by Duan et al. [25] . Even if other models have been proposed in the literature [26] , the model of Duan et al. is probably the one most extensively studied also with reference to different physical systems, as Josephson junctions [27] and semiconductor quantum dots [28] , and can be regarded as a reference point for the subject.
The paper is organized as follows. In Sec. II holonomic quantum logical gates are discussed starting from the point of view of Kato's proof of the adiabatic theorem. In Sec. III the model Hamiltonian is introduced which will serve as a case study. In Sec. IV the behavior of the considered system in presence of several models of parametric noise is discussed. Conclusions and comments are presented in Sec. V.
II. ADIABATIC VERSUS FINITE TIME GATES
The main aim of this section is to review critically the standard argument that is used in the literature in order to support the robustness of holonomic gates against noise. As already stressed in the introduction, non-ideal holonomic gates -i.e., holonomy-based devices that can be concretely realized in a laboratory -must necessarily have a finite working time which should be short enough in order to avoid the perturbing effects of decoherence. This issue has been carefully analyzed in a recent paper [22] , where it is shown explicitly, on the base of a concrete model of adiabatic holonomic gate, that decoherence effects can prevent the possibility of achieving a faithful holonomic gate when the adiabatic limit is approached. This result is coherent with theoretical speculations (see Ref.s [29, 30] ) on the failure of the adiabatic theorem in presence of dissipative terms in the master equation governing the dynamics of the physical system implementing the quantum gate. In [22, 23] it has been also shown that there may exist specific operational times ('optimal working times') for non-ideal holonomic gates allowing to obtain a high fidelity together with a good robustness against decoherence. It is then worth studying the robustness of non-ideal holonomic gates against instrumental noise.
As a first step, we will consider the classical Kato's proof of the adiabatic theorem [12] . This proof was originally formulated in order to go beyond some limitations imposed by previous proofs [31] , such as the requirement of a Hamiltonian with non-degenerate eigenvalues. However, the most remarkable idea in Kato's proof is the introduction of an ideal evolution operator -that we may call the 'Kato evolutor' -reproducing the typical adiabatic behavior of a quantum system; one can then prove that, under suitable hypotheses, in the proper limit the real evolution of the quantum system coalesces with the ideal adiabatic evolution.
In the standard construction of holonomic gates, a quantum system is considered with a Hamiltonian which depends on points r on a suitable manifold M. For the sake of simplicity, here we consider the case in which the family of Hamiltonians H(r) is isodegenerate with a pure discrete spectrum. A local set of coordinates {x µ } on M plays the role of parameters that are supposed to be experimentally controllable. The control parameters are allowed to perform a cyclic evolution in the operational time τ
with r(τ ) = r(0). As usual we define s ≡ t/τ , in terms of this parameter the Schrödinger equation reads as follows:
where we have re-defined r(s) ≡ r(sτ ). Here and in the following X ′ (s) ≡ dX(s)/ds. In view of the case study that will be considered below, we restrict our discussion to the special case in which the distinct eigenvalues of H(r(s)) are a finite set and do not depend on time. In these hypotheses, the time dependent Hamiltonian has a spectral decomposition
Where λ l are all distinct eigenvalues and P l (s) are the corresponding instantaneous eigenprojectors, we also assume that the eigenprojectors are at least piecewise twice continuously differentiable for s ∈ [0, 1]. In the following we pick up one eigenprojectors, say P 0 , that corresponds to the computational subspace that will be introduced below. In order to neglect an overall phase factor the dynamical contribution to the adiabatic transformation and to simplify the notation we set λ 0 = 0 and rename P (s) ≡ P 0 (s).
The solution of the Schrödinger equation (2) reads
is the unitary operator which describes the dynamical transformation that obeys:
with the initial condition V τ (0) = I. On the other hand, the adiabatic transformation is defined as a solution of the equation
where
The solution of (6) is completely determined once the initial condition is given. The solution U (s), with the initial condition U (0) = I, is unitary and has the property
This last relation indicates that U (s) transforms isometrically the eigenprojector at initial time P (0) onto the instantaneous eigenprojector P (s). In order to look closely at the computational space, we consider the operator
since W (s)P (0) = U (s)P (0), U (s) is equivalent to W (s) when restricted on functions of the eigenprojector P (0). It is easy to see that W (s) obeys the simpler equation (compare with (6))
The adiabatic theorem states that the dynamical transformation, restricted to the eigenspace with eigenprojector P (0), asymptotically approaches the adiabatic transformation. Defining W ≡ W (1) and V τ ≡ V τ (1), the following relation holds [12] :
It is easy to show [12] that the operators ∆ l (τ ) are bounded uniformly with respect to τ . Choosing a suitable operator norm V τ ∆ l (τ ) ≤ M , and
Notice that ∆ l (τ ) depend on the gate operational time τ through the unitary operator V τ (s). Thus we can expect, before the asymptotic limit, an oscillatory behavior of a suitably defined gate fidelity as a function of τ . The fidelity revivals described in [22] are a particular case of this general oscillatory behavior at finite operational time. Equation (10) defines a notion of parallel transport which corresponds to the adiabatic transformation. Let us choose a basis {ψ α (s)} in the instantaneous subspace (P (s) = α |ψ α (s) ψ α (s)|). The adiabatic connection is defined as follows [10] :
The adiabatic transformation at the end of a loop in the parameter manifold can be written as W = W αβ |ψ β (1) ψ α (1)| and it is given by the corresponding holonomy:
where P stands for the path ordered product. In a local chart Ads = A µ dx µ . By means of the (in general non Abelian) Stokes' theorem, the holonomy is determined by the curvature tensor, whose component expression is
In most of the applications for quantum information tasks, (15) reduces to a simple exponential and the Abelian version of the Stokes' theorem can be applied:
where C is a region whose boundary is the loop γ. The usual argument in favor of the robustness of holonomic gates follows directly from expression (17) . Since the integral of the curvature is supposed to depend weakly on the details of the loop, the adiabatic transformation is considered to be robust against a geometrical perturbation in the closed path γ.
To conclude this section, we emphasizes that what is really needed in order to obtain a transformation with a geometrical character is a cyclic evolution of the eigenspace (P (1) = P (0)). The adiabatic theorem ensures that this cyclic evolution appears in correspondence with a loop in the parameters manifold in the adiabatic limit. Only in this limit the transformation can be considered purely geometric and the argument of robustness holds.
III. A CASE STUDY
As a case study, here we consider the single-qubit non Abelian gate that was proposed in [25] . The model under consideration can be physically realized as, for instance, a trapped ion with two degenerate ground (or metastable) states |0 and |1 which play the role of the computational basis. A quasi degenerate ancillary state |a and an excited state |e are also needed (the scheme is drawn in Fig. 1(a) ). The low energy states are supposed to be independently coupled with the excited state, such that the interaction picture Hamiltonian in the rotating frame reads as follows:
The real parameters x, y, z are related to three independent Rabi frequencies corresponding to resonant laser beams with different energies and polarization. In an ideal experiment these parameters are constrained to take values on a twosphere, it is thus convenient to introduce polar coordinates:
The spectrum of (18) is threefold: σ = {0, ±Ω}, with the null eigenvalue which is doubly degenerate. The two degenerate eigenstates with vanishing energy can be chosen as follows: An analysis of the holonomy associated to the Hamiltonian (18) in correspondence with the doubly degenerate subspace shows that a closed path with starting point ϑ = 0 corresponds to a non Abelian holonomy W = exp [−iσ y ω], where σ y = −i (|0 1| − |1 0|) is the Pauli matrix in the computational space and ω is the solid angle swept by the parameter ϑ(s) and ϕ(s). Here we consider the closed path in the parameter manifold that was studied in [22] . For s ∈ [0, 1] we take (see Fig. 1(b) ):
The solid angle related to the loop (21) is ω = π/2, hence the corresponding holonomic gate is W = −iσ y . Notice that some care is needed in the calculation of the integral (15) since the basis (20) is ill defined at the north pole. As was observed in [22] , the remarkable property of this path is that it presents perfect revivals of the gate fidelity at finite operational time. The same behavior was predicted for all the loops constructed by moving from the north pole to the equator through a meridian and back to the north pole through another meridian with piecewise constant velocity. In the case of the loop (21) there is a unity gate fidelity in correspondence of the operational times:
In the following we are mostly concerned with the first optimal operational time τ * ≡ τ * 1 . To conclude this section we notice that a perfect revival of fidelity at finite operational time corresponds to the phase acquired in correspondence to a non adiabatic cyclic dynamics [13, 14] . In particular, for our case study, it happens that, in correspondence to an optimal operational time, the evolution becomes cyclic and the acquired geometric phase is equal to the adiabatic holonomy.
IV. MODELS OF NOISE
In order to study the robustness of non ideal holonomic gates, we consider the response of the system under parametric noise in the ideal loop (21) . In order to quantify the robustness of the gate, the noisy finite time evolution of the system is solved with analytic or numerical methods and the average gate fidelity is calculated. In the following, several models of noise are taken in account: in Sec. IV A we consider the response of the system under a monochromatic perturbation of the three Rabi frequencies in (18) ; in Sec. IV B we consider a model of noise expressed by a random step function in the angular variables (19) on the sphere; finally, in Sec. IV C we discuss the response of the system under a random perturbation in the three Rabi frequencies.
A. Monochromatic noise
In this section we consider the behavior of the system in presence of a parametric noise with only one monochromatic component. A generic noisy path can be written as follows:
where r(t) is the unperturbed loop and ǫ(t) is a random function which is specified, for each component, by its power spectrum, i.e., the square modulus of the Fourier transform:
The random character of ǫ(t) corresponds to the randomness of arg[ǫ(η)]. Here we consider only one monochromatic component
that can be re-written as follows:
where ǫ η is real and φ are random phases. Notice that taking the re-parametrization t → s = t/τ one obtains:
Let us come back to our case study. One can assume that a realistic source of parametric noise is due to the non perfect control of the three independent Rabi frequencies. We have chosen a monochromatic noise at frequency η and considered a noisy path obtained from (19) and (21):
, (29) where φ ≡ (φ 1 , φ 2 , φ 3 ) are random phases and r n (s) ≡ (x n (s), y n (s), z n (s)). So we have:
From this last relation it is clear that at finite operational time the perturbation does not reduces to a geometric perturbation of the loop in the parameters space since the perturbed path itself depends on the operational time. In presence of noise, different values of the operational time τ correspond to different loops in the parameters manifold.
For given values of η, ǫ η , τ and φ i , we consider the solution of the Schrödinger equation
(31) where, in presence of noise, the rescaled Hamiltonian H(r n (s)) is dependent on τ . Since we are mainly interested in the transformation emerging at the end of the loop, we set
Notice that, for all practical purposes, taking the average on the random phases corresponds to the action of the completely positive map
This completely positive map has to be compared with the ideal adiabatic unitary dynamics, to do that, we have evaluated the average gate fidelity
where dψ indicates the normalized Fubini-Studi metric on pure states. This was computed by means of the formula [32] :
(34) where σ j are the Pauli matrices in the computational subspace.
For several values of η, ǫ η and φ i , Eq. (31) is numerically solved using the relation:
← − stands for the path ordered product. The effective completely positive map (32) is evaluated taking the average over 50 random choices of the phases φ i . Figure 2 shows the estimated gate fidelity (34) plotted as a function of the adimensional operational time Ωτ , for several values of the noise amplitude and frequency. The unperturbed dynamics corresponds to ǫ = 0 and can be compared with the analytical results in [22] , it exhibits perfect revivals of the average gate fidelity at finite time, in particular the first optimal operational time is Ωτ * ≃ 18.24. The numerical results show that the pattern of gate fidelity as a function of the operational time can be completely different in presence of noise. The average gate fidelity at the first optimal operational time Ωτ * in presence of parametric noise is plotted in Fig.  3 as a function of both amplitude and frequency of the noise. This plot shows that the gate is indeed robust also for rather large noise amplitude (ǫ = 0.4Ω). This is true unless the noise frequency is in a particular range approximatively about ητ * ≃ 2.7, that corresponds to η ≃ 0.15Ω.
We have also studied, with the same methods, the response of the system in presence of a noise which is square wave shaped. In this case a probe function is identified by its half period and initial phase. The corresponding patterns of the average gate fidelity are exactly analogous to the case of sinusoidal probe function.
Analogous results are also found for other loops of the same kind, such as the loop with the angle ϕ varying from 0 to π/4 in (21) which is related to the Hadamard gate.
B. Random noise on the sphere
In this section we consider a model of noise which preserves the spectrum of the unperturbed Hamiltonian (18), because of its symmetries an analytical solution of the noisy dynamics will be available.
In [22] it was shown that the evolution operator can be evaluated without approximation in several situations. Referring to the model in Eq. (18), it is possible to evaluate the evolution operator along any segment on the parametric sphere as far as one of the parameters (ϑ, ϕ) is kept constant. In particular, referring to the case in Fig. 1(b) , the loop is composed by three segments and along each of them the previous condition is satisfied. Thus one can demonstrate [22] that the total evolution operator can be splitted in the form
where τ is the total time evolution and τ i , i = 1, 2, 3 are the times needed for covering each segment (for simplicity we suppose that the speed of the evolution are constant in each segment); moreover, the intermediate U i 's can be explicitly calculated [22] . Their form is very peculiar and it is possible to see that, in terms of the parameters (ϑ, ϕ), one can write
where 0 ≤ t i ≤ τ i and ϕ 1 , ϑ 2 and ϕ 3 are the constant values of the parameters during the evolution along the segment 1, 2 and 3 respectively. We want to use these results for gaining information about the influence of the noise. We will therefore consider the following model: every U i is splitted in N evolution operators U j i evolving for a time τ step = τ i /N (a sub-segment); the evolution in the segment i reads
In each sub-segment one of the sphere parameters is constant and the other evolves (we are moving on meridians or parallels). We add a random component to the constant parameter while the other is not affected. In other words, we are including a transverse component. We also suppose that the transverse evolution operator is equal to the identity (the "switch" is infinitely fast). This way we have splitted the evolution on a single meridian (parallel) in a sequence of evolutions of shorter meridians (parallels). Using Eq.s (37)-(40) we can write
where (j − 1)τ i ≤ t j i ≤ jτ i and ξ j i ∈ [−γ, γ] are random variables uniformly distributed in the chosen interval. We stress again that each operator in the decomposition has a (large and not transparent) analytical expression. Using this model we have computed the average gate fidelity at the first optimal operational time τ * by means of Eq. (34) and averaging over 50 realizations of the random process. The result is shown in Fig. 4 . In this plot we have rescaled the noise amplitude γ with the maximum value of the parameter for the loop in Fig. 1(b) (i.e. π/2). Also for this model the fidelity exhibits a breakdown for small frequencies of the noise (which is in accordance with previous results). In particular , the value τ * /τ step ≃ 6.5 exhibits the minimum value of F for any amplitude of the noise. Anyway, we notice that the deep of the fidelity is pronounced if the noise amplitude is one half the maximum value of the parameters; clearly, this situation corresponds to an unphysical scenario in which the control of the parameters is very poor. In all other situations the typical values of F is very high. In the range of intermediate and large frequencies F quickly recovers the ideal behavior.
It is interesting to compare the behavior of the gate at the first optimal operational time to the case of longer operational time in presence of noise, i.e., in the (approximated) adiabatic regime. It is possible to see [22, 23] that the fidelity oscillations shown in Fig. 2 in absence of noise are strongly suppressed if k ≥ 3 in Eq. (22) (we are near the adiabatic regime). Therefore, we have computed the average gate fidelity at the fourth optimal operational time, namely Ωτ * 4 ≃ 75.21 (in this case τ ad step = τ * 4 /3N ). The result is shown in Fig. 5 and can be directly compared to the plot in Fig. 4 . We notice that, in the same range of frequencies of the non adiabatic case, F reaches lower values. Moreover, the adiabatic gate needs higher values of the frequency of noise for recovering the ideal behavior. Therefore, the adiabatic (purely geometric) NOT transformation is more sensitive than to parametric noise than the non adiabatic one.
C. Random noise
In this section we consider a model for a random perturbation of the loop which is not constrained to preserve the sphere in the parameter space. Taking in consideration the ideal loop (21) here we study the noisy paths of the following kind:
where ξ i (s, τ step , τ ) ∈ [−ǫ, ǫ] are three random variables, uniformly distributed in the chosen interval, which are piecewise constant for (j − 1)τ step ≤ sτ ≤ jτ step . For the first optimal working time τ = τ * we have numerically solved the noisy Schrödinger equation by means of the relation (35) for 50 realizations of the noise. The estimated average gate fidelity at the first optimal operational time is plotted in Fig. 6 as a function of the typical noise frequency for different values of the noise amplitude. This plot shows that even for this model of noise the same qualitative behavior of the average gate fidelity as a function of the noise typical frequency is found.
In order to compare the first optimal operational time to longer operational times in the noisy case, we have computed the average gate fidelity at the third optimal operational time, namely Ωτ * 3 = 56.32. The results are showed in Fig. 7 where the average gate fidelity is plotted for both the first and the third optimal operational time as a function of the typical time of the noise τ step . The results are compatible with those for the model of noise in Sec. IV B in the sense that also in this case the first optimal operational time can be preferable to longer operational time.
V. COMMENTS AND CONCLUSIONS
In this paper we have considered the influence of parametric noise on the efficiency of a non adiabatic holonomic gate which is known to be robust in the ideal case. Three models of parametric noise have been discussed in the case of finite operational time.
The average gate fidelities for all the models of noise considered here present an analogous qualitative behavior. For each of the three models the non ideal gate presents a breakdown of the average gate fidelity for small frequencies of the noise, while a high value of the fidelity is reached for noise with higher frequencies.
This can lead to say that the presence of a "resonant frequency" for the breakdown of F is a general feature of any model of parametric noise. Despite these considerations, our calculations show that, at least in certain situations, the first optimal operational time can be preferable to longer operational times with regards to the robustness of the corresponding gate against parametric noise. Apparently the recover of the ideal fidelity is obtained for the non adiabatic gates for lower frequencies of the noise, showing that the optimal working point defined in [22] is robust also versus this kind of disturb.
We want to stress again that the usual argument in favor of the robustness of holonomic quantum computation is based on the purely geometric nature of the holonomy group that describes the adiabatic transformations. Since the geometric character is present only in the adiabatic limit, the robustness of adiabatic gates is, in this sense, just a consequence of the adiabatic theorem. Recently, a family of non adiabatic holonomic gates has been discussed that present an unit fidelity at finite time, far before the adiabatic limit is reached. Although the nature of these gates remains unclear at the moment, what we want to emphasize here is that the argument in favor of the robustness of holonomic gates cannot be simply extended to the case of non adiabatic gates since at finite operational time the adiabatic theorem cannot be applied.
In order to understand the relation between adiabatic and finite time holonomic gates in presence of parametric noise, a careful analysis of the adiabatic limit of noisy gates should be useful. Such an analysis could be compared to the results of [16] in which the noise is introduced after the adiabatic limit is reached.
There is also need to understand in what sense these non adiabatic gates can be consider holonomic, that is to say, what of the presented features of such gates can be extended to generic systems and what are strictly dependent on the considered case study.
